Oxygen plays a central role in cellular metabolism, in both healthy and tumour tissue. The presence and concentration of molecular oxygen in tumours has a substantial effect on both radiotherapy response and tumour evolution, and as a result the oxygen micro-environment is an area of intense research interest. Multicellular tumour spheroids closely mimic real avascular tumours, and in particular they exhibit physiologically relevant heterogeneous oxygen distribution. This property has made them a vital part of in vitro experimentation. For ideal spheroids, their heterogeneous oxygen distributions can be predicted from theory, allowing determination of cellular oxygen consumption rate (OCR) and anoxic extent. However, experimental tumour spheroids often depart markedly from perfect sphericity. There has been little consideration of this reality. To date, the question of how far an ellipsoid can diverge from perfect sphericity before spherical assumptions breakdown remains unanswered. In this work we derive equations governing oxygen distribution (and more generally, nutrient and drug distribution) in both prolate and oblate tumour ellipsoids, and quantify the theoretical limits of the assumption that the spheroid is a perfect sphere. Results of this analysis yield new methods for quantifying OCR in ellipsoidal spheroids, and how this can be applied to markedly increase experimental throughput and quality.
Introduction day [8] [9] [10] and is not solely due to hypoxia-induced treatment resistance. Under severe 18 hypoxia, tumour cells can respond to such pressure by activating oxygen-sensitive 19 signaling pathways [11, 12] . Current biological thinking suggests these signalling 20 pathways act to alter gene expression to promote cell survival under adverse conditions. 21 Hypoxia is also a major driver of angiogenesis, giving rise to new routes for cells to 22 travel along [13, 14] , endowed with the ability to metastasize [15] . 23 24 The extraordinary importance of oxygen in cancer treatment and evolution has made it 25 an important avenue of study, with an urgent need for further research. Despite the 26 fundamental importance of molecular oxygen in tumours, investigations have been 27 complicated by the significant experimental difficulty in ascertaining oxygen 28 concentration in situ [6] . Real tumours have highly heterogeneous oxygen supply and 29 complex tortured vasculature, and even well-oxygenated regions are frequently 30 inter-spaced with pockets of anoxia [14, 16] . Standard 2D monolayers of cells are not an 31 ideal experimental model, typically exhibiting an unrealistically homogeneous oxygen 32 contribution. There is however a more realistic experimental option in the form of 33 tumour spheroids. These clusters of cancer cells grow in approximately spherical 3D 34 aggregates, and exhibit signalling and metabolic profiles more similar to real tumours 35 than is observed in monolayer approaches [17] [18] [19] . 36 
37
Like monolayers, spheroids are relatively easy to culture, and growing interest has seen 38 them used for a variety of purposes, including radiobiological application as a means to 39 test fractionation [20] [21] [22] [23] , as a model for drug delivery [24] [25] [26] [27] [28] , for investigation of the 40 stem-cell hypothesis [29] and for exploring FDG-PET (Fludeoxyglucose positron 41 emission tomography) dynamics [30] for hypoxia in solid tumours. Crucially, the non 42 homogeneous oxygen distributions in tumour spheroids have been well studied [31] [32] [33] . 43 Research to date shows cellular oxygen consumption rate (OCR) has a known influence 44 on the oxygen concentration throughout a spheroid, and directly influences the extent of 45 central anoxia, and the viable rim thickness by known mathematical relationships [32] , 46 and thus measuring these aspects allows an experimenter to determine OCR with 47 relative ease compared to other methods [28] . Such methods and the underlying theory are exceptionally important to understanding 50 the factors that influence tumour oxygen distribution, yet all these methods rely on an 51 implicit assumption of perfect sphericity. There is a clear rationale behind this, as 52 These questions are as of yet unanswered, and are of paramount importance given the 64 growing adoption of spheroids for cancer research, and their utility in estimating 65 OCR [31, 32] . Knowing the acceptable limits of eccentricity for spheroid analysis would 66 be of considerable benefit to experimenters, providing error estimates and limits of 67 reliability. A full analytic expression for "ellipsoidals" (analogous to the spherical case) 68 would also be of substantial benefit, allowing the analysis of eccentric shapes and 69 potentially increasing experimental throughput. In this work, we seek to address these 70 issues by deriving an expression for oxygen diffusion in both prolate and oblate 71 geometries. This is contrasted to the spherical case to determine the limits of validity 72 for experimental data, and the implications of this are discussed. A schematic of this is 73 depicted in Figure 1 . Schematic analysis in this work. Below a calculated threshold for eccentricity, spheroids can be treated as having perfect sphericity without introducing unacceptable error, and their OCR and oxygen distribution established by previously published methods [32] . At greater eccentricities however, a spherical assumption is no longer valid. If the inner and outer sections are concentric ellipses, these can be analyzed by the methods outlined in this work to ascertain OCR and oxygen distribution. If eccentricity is higher than a threshold value, and inner and outer ellipses are not concentric, this suggests the spheroid is severely warped or the section is off the central axis, and should be discarded from analysis. See text for details. 
Spheroids and Ellipsoids

75
The general equation of an ellipsoid is given by
where a, b and c are the major axes' lengths. For an ellipsoid with azimuthal symmetry, 77 a = b. Where all axis are equal (a = b = c), the result is a perfect sphere. To date, this 78 is the only case which has been well-studied from a theoretical standpoint [31] [32] [33] .
79
Whilst the mathematical treatments to date have assumed spheroids are perfect spheres, 80 the nomenclature 'spheroid' still applies to the more general case, including prolate and 81 oblate spheroids. In this work we broaden the mathematical framework to be applicable 82 to ellipsoids without full spherical symmetry, which are namely 83 1. Prolate spheroids: In the case where c > a, the resulting ellipsoid is an ellipse 84 rotated around its major axis, the line joining its foci. This yields a rugby ball 85 type shape. 
Model derivation 93
The full mathematical derivation for oxygen partial pressure in prolate and oblate spheroids is rather involved, and here we shall confine ourselves to stating results with a cursory outline of how they derived. A full mathematical outline is provided in appendix S1. Essentially, we are concerned with solving a steady-state reaction-diffusion problem for oxygen field P of the form
where D is the oxygen diffusion constant in water (typically D = 2 × 10 −9 m 2 /s) and 95 aΩ is oxygen consumption rate in mmHg/s. This must be solved subject to two crucial 96 boundary conditions, namely that the surface flux and oxygen partial pressure at the 97 anoxic boundary must both be zero. For simple geometries such as perfectly spherical 98 spheroids and cylindrical vessels, symmetry can be exploited to readily yield analytical 99 solutions [33] . In elliptical geometry, the problem is more involved but the basic premise 100 remains the same, and is outlined below. The geometry of the problem is illustrated in 101 Figure 3 . In a prolate spherical geometry, we employ the prolate spherical coordinate system, 104 using a geometrically intuitive definition where curves of constant σ are prolate 105 spheroids, whilst curves of constant τ correspond to hyperboloids of revolution [34] .
106
This is outlined in detail in supplementary text S1. This yields an analytical solution, 107
which can be converted directly into spherical co-ordinates to yield
where f = er n , the distance from ellipse centre to foci.
111
Oblate spheroids
112
In oblate spherical geometry, a similar geometrical definition exists [35] and can be solved through similar methods, also outlined in supplementary material S1. The full solution in spherical co-ordinates is
Both the prolate and oblate form can be alternatively cast in terms of r o , the outer 114 semi-major axis length if preferable. These forms are also given in S1.
115
Ellipsoidal confocality 116
Analogous to the perfect spherical case, confocal elliptical surfaces in a spheroid are at the same oxygen partial pressure. For confocal ellipsoidal shells, focal length is constant, related to the eccentricity e c and semi-major axis of the shell r c by f = e c r c .
117
It follows that the innermost (anoxic) and outermost ellipsoidal shells are confocal, thus 118 for a true spheroid e o r o = e n r n . Within the bounds of acceptable experimental error, 119 this relationship can be used to determine whether a given spheroid displaying apparent 120 eccentricity is a ellipsoidal or not. This is important from an experimental perspective, 121 as sectioning can introduce serious distortions in fixed spheroid sections, or can miss the 122 central axis of the spheroid [32] . In these cases, an ostensible ellipsoidal shape might be 123 observed, but may in fact be a sectioning distortion or off-centre cut. Testing for 124 confocality thus determines the underlying reality. OCR estimation in spheroids 126 In the perfectly spherical case, OCR (in mmHg/s) is related to the anxoic radius r n and outer radius r o [28, 32] by
For a prolate tumour spheroid, it is possible to estimate OCR in a manner analogous to the spherical case by re-arranging the equations for P P to yield
Similarly for oblate spheroids, OCR is given by re-arrangement of P O to arrive at
One complication that may arise is that it may be impossible to ascertain whether an ellipsoidal spheroid is prolate or oblate. In that case, one can produce a 'combined' expression for average OCR by taking the average of equations 3 and 4, re-arranging to arrive at
An example of the implementation of these forms including error analysis is included in 128 the code included in supplementary material S2.
129
Spherical error metrics 130
It is worthwhile to introduce metrics to quantify how divergent the estimated oxygen-profile in a given ellipsoidal spheroid is from a related perfectly symmetric spheroid. A perfect spheroid has radial symmetry, and thus P (r o ) = p o at all points. Consider related prolate and oblate spheroids both with semi-major axis r o and eccentricity e, nested inside a sphere of radius r o . We can define the root mean square error (RMSE) by contrasting the expected outer-shell partial pressure p o with what would be measured for spheroids at P P (r o , θ) and P O (r o , θ) respectively. The RMSE error for prolate and oblate spheroids respectively is
These equations can readily be solved by numerical integration methods, and solutions are demonstrated in supplementary code S2. Percentage error is simply 100(RM SE/p o ), and thus the variation in RMSE with eccentricity can be readily calculated. The other instance when deviation from spherical assumptions must be quantified is in OCR calculation. For example, when the OCR in an spheroid is calculated assuming the perfectly spherical form in equation 6 rather than a more appropriate prolate or oblate form. This might occur when eccentricity is low and the spheroid appears to be entirely symmetric to a first approximation. The distance from the centroid of an spheroid with semi-major axis r and focal length f to a point on the spheroid at an angle θ is given by r √ 1 − e 2 sin 2 θ, and thus the average value for outer radius r o and anoxic radius r n are given by integrating this over a full revolution, yielding
where E m is the complete elliptic integral of the second kind. Analogous to the discrete standard deviation, the distance function can be integrated over a full rotation (∆r = (1/2π) 2π 0 (r 1 − e 2 sin 2 θ − r ) 2 dθ) to yield an expression for standard deviation across these spheroids of
Applying the form in equation 6 for spherical OCR yields a approximation (which is incorrect when e > 0) of
The uncertainty calculation associated with this can be calculated with the variance formula, in this case given by underlying form is unknown. These spheroids were produced with physical properties as 152 per Table 1 , with OCR given by equations 6 -9.
153
Comparisons with the spherical case 154
As OCR from spheroids is estimated assuming spherical symmetry, a major aspect of 155 this work was quantifying precisely how close to perfect sphericity spheroids must be so 156 that such an assumption holds, and how departures from sphericity impact estimates of 157 OCR and oxygen profiles. To study this, spheroids with known OCR and varying 158 eccentricity were simulated, and analysed with equations 10-17.
159
Experimental proof of concept 160 To date, non-spherical tumour spheroids have been somewhat neglected, frequently 161 discarded from analysis due to their inherent uncertainty. It is thus difficult to find 162 non-spherical tumour spheroid data. A potential example was taken from a previously 163 analyzed set of sectioned DLD-1 tumour spheroids [32] , dual-stained with proliferation 164 marker Ki-67 and EF5. Spheroids from this set were experimentally determined to have 165 an OCR of 22.10 ± 4.24 mmHg/s. The sample spheroid was excluded from prior 166 analysis because of its high eccentricity (external eccentricity e ≈ 0.66). This was then 167 analyzed using methods outlined in this work as a proof of concept to determine OCR, 168 contrasting it to known values and spherical estimates.
Results
170
Oxygen distributions in spheroids 171 Eccentric spheroids were simulated with properties shown in Table 1 . Unlike the 172 spherical case, oxygen profiles here are not radially symmetric, so profiles were plotted 173 along both the semi-major and semi-minor axis for clarity. Examples of these profiles 174 are depicted in Figure 4 . Oxygen gradients through spheroids are simulated in Figure 5 , 175 for both prolate and oblate cases with increasing eccentricity.
176 Oxygen profiles for both prolate and oblate spheroids along the semi-major and semi-minor axis for (a) Spheroid with inner eccentricity e = 0.25. There is relatively littler difference between prolate and oblate cases and profiles largely overlap, being close to spherical case (b) Spheroid with inner eccentricity e = 0.90. Small differences between prolate and oblate cases can be readily seen, and very large divergence from perfectly spherical case is apparent. For this work, a simple image analysis algorithm was written for the spheroid image, 199 which found the ellipsoid centre and cast best fit ellipses from this position. The 200 analysis algorithm was broadly similar to previously described methods [32] , yielding an 201 estimates of e ≈ 0.66, r o = 488.5µm and r n = 400.15 µmm. This analysis suggested the 202 best-fit inner and outer ellipses were approximately confocal to within experimental 203 error as required by confocality condition in equation 5 (e o r o ≈ e n r n to within an error 204 of 1.13%). Uncertainty on the lengths of r o r n were taken from this to be 5.53µm and 205 4.52µm respectively. Results of this analysis is depicted in Figure 8 and Table 3 , suggest 206 values in agreement to those previously measured when considered as an prolate / Analysis of spheroids to date tends to pivot on the presumption of sphericity, as 210 symmetry arguments reduce the complexity required. However, real spheroids tend to 211 depart from perfect sphericity to varying extents. In this work, we provide a metric for 212 determining how reliable the simpler spherical assumption will be as eccentricity 213 increases, as outlined in Table 2 .The methods outlined in this work can be employed to 214 generate reliable estimates of OCR and oxygen distribution. Another major benefit of 215 this work is that it allows an experimenter to determine OCR even in non-spherical As depicted in the ellipsoidal analysis must be employed. While data for this is currently sparse, we were 228 able to demonstrate the principle on the highly eccentric spheroid illustrated in Figure 229 8, determined by image analysis to have f = 318.89 ± 2.57µm. When analysed as a 230 spheroid, OCR estimates were completely unrealistic with huge uncertainty, as seen in 231 Table 3 . However, when considered as either a prolate or oblate spheroid, OCR 232 measurements were within previously measured values. This is promising, but as only a 233 single data point is available, this should be interpreted solely as a proof of concept.
235
It's worth noting that from single section images or microscopy, there is no obvious way 236 to ascertain whether a spheroid is prolate or oblate. As the mathematical forms for should opt to use this form for OCR estimation when they have no other information on 244 whether the specimen is prolate or oblate, as this does not introduce large errors even at 245 high eccentricity.
247
While modelling of elliptical oxygen diffusion has the potential to greatly extend 248 experimental throughput, there are a number of scenarios where an ostensible eccentric 249 spheroid might not be what it appears. For fixed and sectioned spheroids, the act of 250 sectioning itself can be enough to induce substantial deformations, stretching it along a 251 particular axis. Ostensibly, the resultant shape might appear ellipsoidal, but is in reality 252 a warped spheroid, and cannot be reliably analysed with the methods outlined. Such an 253 example is show in figure 9 , for a spherical spheroid sheared along an axis. From the 254 mathematics established in this work, we can distinguish between true spheroids and 255 warped spheroids -if the inner and outer ellipses are not confocal (e o r o = e n r n ), then 256 the shape is a warped spheroid, and should be discounted from analysis, as per Figure 1 . 257 Crucially, Figure 9 demonstrates that warped spheroids can only satisfy the ellipsoidal 258 confocality condition under two circumstances; either when its eccentricity is 0 (a 259 perfect sphere), or the non-physical situation where r o = r n . Thus a sheared spheroid in 260 one direction will never come close to satisfying the ellipsoidal confocality condition. In 261 practice, all experimental work comes with inherent uncertainty, so e o r o ≈ e n r n within 262
the bounds of image analysis uncertainty is sufficient to determine whether a spheroid 263 can be treated as an ellipsoidal case .
265
There is a more subtle issue with sectioned spheroids, which becomes even more crucial 266 with sectioned eccentric spheroids. Analysis relies on a section through the central axis 267 of the spheroid. In the perfectly spherical case, if the section is off-centre, the net result 268 will be two concentric circles but with a misleading ratio, rendering any OCR 269 calculation derived from this suspect. By contrast, any plane through an ellipsoid 270 produces an ellipse, but if these cuts are off the central axis, then the inner and outer 271 ellipses will not longer have a common centre, and will not be confocal. In this regard, 272 determining an off-centre ellipsoid section is relatively straight-forward. A proof of this 273 is provided in supplementary S1. 
